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Abstract 
Questions related to the convergence problem of diagonal Pad6 approximants are discussed. A central place is taken 
by the Pad6 Conjecture (also known as the Baker-Gammel-Wills Conjecture). Partial results concerning this conjecture 
are reviewed and weaker and more special versions of the conjecture are formulated and their plausibility is investigated. 
Great emphasis is given to the role of spurious poles of the approximants. A conjecture by Nuttall (1970) about the 
number and distribution of such poles is stated and its importance for the Pad~ Conjecture is analyzed. 
Keywords: Pad6 approximation; Baker~Gammel-Wills Conjecture; Pad6 Conjecture; Convergence in capacity; Spurious 
poles 
AMS classification: 41A21; 30El0 
I. Introduction 
Pad6 approximants are the na~ral analogues of Taylor polynomials to the field of rational 
functions. 
Definition 1. Let the function f be analytic at the origin. Then the Padk approximant [m/n] of 
degree m,n E ~d to f is defined as the rational ftmction [m/n](z):=(Pmn/Qmn)(z) with polynomials 
Pmn E ~m, Qm. E ~., Qmn ~ 0, satisfying the relation 
(Qmnf -- Pm.)(Z) = O(Zm+n+l) as z---~0, (1.1) 
where O(.) is Landau's symbol big 'oh'. 
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Conjecture 2 (Pad6 Conjecture or the Baker-Gammel-Wills Conjecture). I f  the function f is mero- 
morphic in the unit disc D, then there exists an infinite subsequence N C N such that 
[n/n](z)---~ f (z)  as n---+oc, nEN, (1.3) 
locally uniformly for z E •\{poles of f}.  
A slightly stronger version of the conjecture demands that the convergence (1.3) holds locally 
uniformly for all z E • in the spherical metric. Indeed, in many respects the spherical metric is the 
more natural topology for rational approximation of meromorphic functions. 
There is some confusion about the name of Conjecture 2. In the present paper we use the name 
'Baker-Gammel-Wills Conjecture' which is in accordance with the publication [1]. The name 'Pad6 
Conjecture' is also used in the literature, but it seems that it has no historic background; its advantage 
is the immediate relation with the field of Pad6 approximation, where in certain respects it is the 
most prominent conjecture. 
Wallin's counterexample shows that the conjecture cannot be true for the full sequence {[n/n]}ne~. 
On the other hand, an inspection of Wallin's counterexamples shows that divergence is proved there 
only for rather thin subsequences. Hence, the counterexample does not contradict Conjecture 2. 
Indeed, the conjecture summarizes what is not excluded by Wallin's example: The logic behind the 
conjecture seems to be that if convergence of the full sequence {[n/n]}n~ is in general not true, 
then the meromorphy of the function f should at least imply that some subsequences converge 
locally uniformly to f in the largest disc of meromorphy. 
So far no counterexample to Conjecture 2 has been found, although the conjecture is viewed 
rather sceptically by many mathematicians. It may well be false in the general form as stated above. 
Nevertheless, there is still the 
Task: Find a counterexample to the Baker-Gammel-Wills Conjecture! 
In the present paper we shall not try to construct such an example. On the contrary, we shall 
formulate and discuss some conjectures that are less general than Conjecture 2, and shall consider 
partial results that underline the plausibility of these more special conjectures. 
2. Convergence in capacity 
In the present section convergence in capacity will be defined, some results connected with this 
notion of convergence will be reviewed, and a weaker form of Conjecture 2 will be formulated. At 
the end of the section spurious poles will be introduced. This type of poles will play a prominent 
role in the conjectures formulated in the third section. 
So far we have discussed only locally uniform convergence, and have seen that there exist se- 
rious difficulties if one wants to prove general convergence r sults. In the last 10-20 yr consider- 
able progress has been made in understanding the convergence behavior of Pad6 approximants in
the topology of convergence in capacity [4, 12, 13, 15, 18, 19]. This is a type of convergence 
much weaker than locally uniform convergence, and only slightly stronger than convergence in pla- 
nar Lebesgue measure. However, it is good enough for providing a global understanding of the 
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convergence behavior. In the sequel by cap(-) we denote the (logarithmic) capacity (for a definition 
see [6, 22] or [21, Appendix I]. 
Definition 3. A sequence of functions fn, n -- 1,2,..., is said to converge in capacity to f in a 
domain DEC if for every e>0 and every compact set VC_C•D we have 
lim cap{z E V I I(L - f ) ( z ) l  >e} = O. 
n - -+0~ 
(2.1) 
The main advantage of convergence in capacity is that it allows the approximants o have poles 
clustering within the convergence domain D. These poles need not correspond to poles of the function 
f to be approximated. The disadvantage, of course, is the weakness of assertion (2.1). Nevertheless, 
the type of convergence is strong enough to give an understanding of the global convergence b havior 
of the Pad6 approximants [n/n], n = 1,2,... in situations in which locally uniform convergence so 
far could not be proved. More than that, in many of these situations locally uniform convergence 
definitely does not hold true, at least not for the full sequence. The first general result with respect 
to convergence in capacity is the Nuttall-Pommerenke Theorem. 
Theorem 4 (Nuttall [12]; Pommerenke [15]). Let the function f be meromorphic (and single- 
valued) in the domain C\E with E compact and cap(E) = 0. Then for any compact set V CC 
and ~ > 0 we have 
l i jn  cap{z E V l](f - [n/n])(z) I>e"} = O. (2.2) 
From (2.2) we deduce that the diagonal Pad6 approximants converge in capacity to the function 
f in the whole plane C if the function f satisfies the assumptions of the Nuttall-Pommerenke 
Theorem. The theorem covers, for instance, all entire functions and all functions meromorphic on 
C. Thus, also Wallin's counterexample is covered, and we know that convergence in capacity holds 
true for diagonal Pad6 approximants despite the fact that in this case the full diagonal sequence 
{[n/n]}n~ diverges at each point of C\{0}. This may sound like a paradox, but the explanation 
is simple: the divergence is caused by subsequences, and individual subsequences diverge only on 
small sets. By the way, in Wallin's example it can even not be excluded that there may exist 
infinite subsequences in {[n/n]},~ that converge locally uniformly in the whole plane C, i.e., that 
for Wallin's counterexamples Conjecture 2 may well be true. 
The assumption cap(E)= 0 is essential in the Nuttall-Pommerenke Theorem, which has been 
shown in [7] and [16] by counterexamples. More precisely, it has been shown that if E___ C is a 
compact set of positive capacity, then there exists a function f analytic in C\J~ and the diagonal 
sequence {[n/n]}nc ~ of Pad6 approximants does not converge to f in capacity in C\E. But again 
divergence has been proved only for subsequences of the diagonal sequence {[n/n]},e~. Thus, it 
cannot be excluded that there exist infinite subsequences with a better convergence behavior. The 
next conjecture, which is a rather weak version of Conjecture 2, reflects these observations. Results 
recently published in [8] give some additional backing to this co~ecture. 
Conjecture 5. I f  the function f is meromorphic in the unit disc ~, then there exists an infinite 
subsequence N C ~ such that the limit (1.3) holds true in capacity in the disc D. 
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In [11] it has been shown that convergence in capacity implies point-wise convergence quasi 
everywhere for appropriately chosen subsequences. (A property is said to hold quasi everywhere on 
a set S c C if it holds for all z E S with possible exceptions on a subset of outer capacity zero.) 
Using this result, Conjecture 5 implies that / f  the function f is meromorphic n the unit disc D, then 
there exists an infinite subsequence N C N such that limit (1.3) holds true for quasi every z E D. 
Note that for any Borel set B C__C we have re(B)~<ncap(B) 2, where m denotes the planar Lebesgue 
measure. Hence, convergence quasi everywhere implies also convergence almost everywhere with 
respect o planar Lebesgue measure. 
In the Nuttall-Pommerenke Theorem it is assumed that the function f is single-valued in C\E. 
Since cap(E)=0, the set E cannot contain a continuum, and hence the function f cannot have branch 
points under the assumptions of the Nuttall-Pommerenke Theorem. If the function f has branch 
points, but all its singularities are still contained in a compact set E C_ C of capacity cap(E) = 0, then 
the convergence behavior changes dramatically. We have convergence in capacity, but the domain 
of convergence is now no longer the whole complex plane C. 
Theorem 6 ([3,Theorem 1.1]). Let the function f be locally (!) meromorphic in the domain C\E 
with E C C\{0} compact and cap(E)= 0. Then there exists a domain (called the convergence 
domain) D =-Df C C such that the diagonal Padk approximants [n/n], n--  1,2,..., converge to f 
in capacity in D, and the sequence {In~n], n ~- 1,2 .... }, does not converge in capacity to f in any 
domain DC_-C with cap(/9\O)>0. 
The important difference between Theorems 4 and 6 is that in the latter one only local meromor- 
phy of the function f has been demanded. Typical examples of functions covered by Theorem 6 are 
algebraic functions. In the case of an algebraic function the set E is finite, and the only nonpolar sin- 
gularities are branch points. It has been proved in [19, Theorem 1.3], that the convergence domain D 
can be characterized independently from the convergence problem by a property of minimal capacity. 
Theorem 7. The convergence domain D = Df of  Theorem 6 is uniquely determined up to a set of 
capacity zero by the following two conditions: 
(i) D is a subdomain of  C with 0 ~ D, and f has a single-valued meromorphic ontinuation 
throughout D; 
(ii) cap([C\D] -1 ) = infz) cap([C\D] -1 ) with S -~ := {z E E I l/z E S} and the infimum extends over 
all domains f)c_-C satisfying (i). 
Theorems 4 and 6 guarantee only convergence in capacity. This may not be satisfactory for 
many practically purposes; however, it has already been mentioned above that it nevertheless can 
give a very good orientation about the global convergence behavior of the approximants In/n], 
n = 1,2,.... For instance, the results show that discs are not typical for the shape of the conver- 
gence domain for diagonal Pad6 approximants [19, Examples 1.1 and 1.2]. This, certainly, is a 
remarkable contrast o the situation of power series, and it seems that in the Baker-Gammel-Wills 
Conjecture (Conjecture 2) discs were chosen as convergence domains omewhat naively, perhaps by 
taking the situation of power series as a model. The conjectures in the next section will be formulated 
with respect o the convergence domain D of Theorems 4 and 6. The structure of these domains 
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have been studied in more detail in [19, Theorems 3.4 and 3.5]. From the minimality property (ii) 
of Theorem 7 and from the monotonicity of the capacity under projections on a disc along radii [19, 
Corollary 3.9] it can be deduced that if a result is proved for the convergence domain D of Theorem 
6, then as a corollary the same result also holds for discs centered at the origin and contained in 
the domain of meromorphy of the function f .  
From our earlier discussion, we know that the convergence proved in the Theorems 4 and 6 
does, in general, not hold locally uniformly in D since the approximants [n/n], n = 1,2,..., may 
have poles clustering everywhere in the domain D, i.e., there are poles of the approximants [n/n] 
within the convergence domain that do not correspond to singularities of the function f .  Such poles 
are called 'spurious' because of their unwanted nature. The name has been coined by Baker in the 
early 1960s. An explicit example of spurious poles of Pad~ approximants has already been given 
by Perron in [14, Ch. 10], where an entire function has been constructed with the property that the 
only pole of each entry in the second column of the Pad6 table, i.e., the poles of the approximants 
[m/1], m C N, cluster everywhere in C. 
For our discussion Perron's example is, unfortunately, not really interesting since it is not con- 
cerned with diagonal Pad6 approximants. An early example of functions f that possess diagonal 
Pad6 approximants with spurious poles is implicitly contained in a thesis by Dumas [3] (written 
under the supervision of A. Hurwitz and defended in 1905). Dumas investigated continued fractions 
developments of functions of the form 
f ( z )  = v/(z - al).-" (z - -  a4), (2.3) 
where al, . . . ,a4 E C are pair-wise distinct numbers. Besides of convergence considerations, Dumas 
investigated the representation f partial denominators and numerators by elliptical functions. This 
is a problem with historic roots reaching back up to investigations by Jacobi. It is immediate that 
the function (2.3) is covered by Theorems 6 and 7, and therefore we know that the diagonal 
Pad6 approximants [n/n], n = 1,2,..., converge to the function f in capacity in a domain D. The 
convergence domain D consists of C minus two arcs connecting the four points al .... ,a4 pair- 
wise [19, Section 6]. Dumas proved that all poles of each approximant In/n], except possibly one, 
converge to the set ODU{oo} as n---~oe, and depending on properties of the four points al,.. .  ,a4, 
three different situations can be distinguished with respect o the possible exceptional pole: (i) the 
exceptional pole clusters at finitely many points in D, (ii) the exceptional pole clusters at finitely 
many arcs in D and (iii) the exceptional pole clusters everywhere in D. Not every approximant in
the sequence [n/n], n--  1,2,..., possess an exceptional pole that clusters inside of the convergence 
domain D. A more detailed study shows that the subsequence with approximants with an exceptional 
pole has density 1. These exceptional poles are spurious ones. All the other poles cluster outside 
the convergence domain and are therefore nonspurious. The third situation is especially interesting 
since there the diagonal Pad6 approximants In~n], n = 1,2,..., cannot converge locally uniformly 
anywhere in C. In Dumas' results only one pole of each approximant [n/n] can be spurious. The 
existence of examples with more than one spurious pole has been shown in [19, Theorem 3.3], and 
these examples can be constructed in such a way that the spurious poles cluster everywhere in the 
convergence domain D. 
A formal definition of the spuriousness of poles has to take into account that the spurious character 
of a pole of the approximant [n/n] is an asymptotic property. It can be determined only by following 
up the behavior of a sequence of poles as n--~ cx~. 
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Definition 8. Let [n/n], n = 1,2,..., be a sequence of diagonal Pad6 approximants o a function f ,  
and let N C ~d be an infinite subsequence. Spurious poles are defined in two situations: 
(i) We assume that the approximant [n/n] has a pole at zn E C for each n E N and z,---~Zo as 
n---*ec, n E N. If the function f is analytic at z0, and if the approximants [n/n] converge to 
f in capacity in a neighborhood of z0, then the pole of the approximant [n/n] at z,, n E N, is 
called spurious. If z0 : c~, then the convergence z, ---~z0 has to be understood in the spherical 
metric. 
(ii) Assume that the function f has a pole of order k0 at z0 E C and let the total order of the 
poles of the approximant [n/n] near z0 be kl = kl, > k0 for each n E N, i.e., [n/n] has poles at 
points z,j, j = 1,...,mn, with total order kl and Znjo--*Zo as n---~cx~, nEN,  for any selection 
j ,  E {1,...,mn}, n EN. If the approximants [n/n] converge in capacity to f in a neighborhood 
of z0, then poles of total order kl - k0 of the poles of the approximant [n/n], n E N, near z0 are 
spurious. 
The assumed convergence in capacity implies that spurious poles appear paired together with zeros 
of the approximant In/n], and the distance between a spurious pole and the corresponding zero tends 
to zero as n--~cx~,n E N, [20, Theorem 3.6]. In an intuitive sense one can consider these pairs of 
poles and zeros as nearly canceling out, or a better expression may be that they are asymptotically 
canceling out. 
It follows from the analysis in [20, Theorem 3.7], that if one removes (in an appropriate way) 
all spurious poles from the approximants [n/n], n E N, in a subdomain of D, then the resulting pole- 
cleared rational functions converge locally uniformly. If in particular there exists an infinite sub- 
sequence N C ~ such that the Pad6 approximants [n/n], n E N, are free of spurious poles, then 
convergence in capacity implies locally uniform convergence of the sequence {[n/n]}nEN. In this 
sense the study and understanding of the existence and distribution of spurious poles can provide 
a way towards a solution of the Baker-Gammel-Wills Conjecture. Of course, it is not clear how 
difficult it is to put this program into practice, and how general and broad the class of functions can 
be for which positive results are obtainable. Spurious poles of Pad6 approximants o functions f of 
the Walsh-Gonchar class have been studied in [9] and to hyperelliptical functions in [20]. 
We also would like to mention the example of a function contained in [10] that is analytic in 
the unit disc, and no subsequence of any column in the Pad6 table from the second column on 
converges locally uniformly in D; yet the diagonal of the Pad6 table contains a locally uniformly 
convergent subsequence. This example illustrates how different he question of existence of conver- 
gent subsequences is in the diagonal case from that of columns or rows, to which Perron's example 
belongs. 
3. Algebraic functions 
In this last section we concentrate on Pad6 approximants o algebraic functions. Four conjectures 
will be formulated, three of them are new, the other one goes back to Nuttall, and is already 15 
years old. 
Results obtained in [20] and investigations in [13] suggest that it should be possible to describe the 
frequency and distribution of spurious poles sufficiently precisely in case of algebraic functions. As 
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a consequence it can be expected that the Baker-Gammel-Wills Conjecture holds true for algebraic 
functions and that it should be possible to make progress in this direction. 
The first conjecture in the present section has been formulated by John Nuttall (private commu- 
nication). 
Conjecture 9 (Nuttall). Let the function f be algebraic and havin 9 no branch point at the origin. 
Then there exists a finite upper bound for the number of  spurious poles (in the sense of  total 
order) which each diagonal Pad( approximant [n/n], n = 1,2 .. . . .  may have. 
In Conjecture 9 only the existence of an upper bound is stated, of course, it would be interesting 
to find also an explicit expression for the bound. In most cases this bound should be equal to the 
genus 9 of the Riemann surface ~ of the function f .  For instance, in the case of the function 
(2.3) the genus is 1, and, indeed, we have seen that it follows from Dumas' results in [3] that 
each approximant [n/n] has at most 1 spurious pole. Thus, the function (2.3) gives an example 
that supports Conjecture 9. The conjecture has also been proved for hyperelliptic functions in [20, 
Theorem 3.1 ], and it is shown there that the upper bound for the number of spurious poles is equal 
to the genus of the Riemann surface of the function f if f satisfies certain additional conditions. 
However, in general, the upper bound can be larger [20, Lemma 3.4]. 
The problem of finding the asymptotic distribution of spurious poles may well be connected 
with a proof of Conjecture 9. There is evidence [20, Theorem 3.3] that positive results (about 
the distribution) could improve our understanding of the question whether there exists an infinite 
subsequence N_C t~ with Pad6 approximants [n/n], n C N, that are flee of spurious poles. 
It has already been mentioned that in the case of algebraic functions the convergence domain D 
introduced in Theorems 6 and 7 is also the natural domain for locally uniform convergence. This 
assumption is also part of the next conjecture, which can be considered as the main conjecture in 
the present paper. 
Conjecture 10. Let the function f be algebraic and havin9 no branch point at the origin. Let 
further D C C be the convergence domain introduced in Theorem 6, and characterized independently 
in Theorem 7. Then there exists an infinite subsequence N C ~ such that 
[n/n](z)-* f ( z )  as n--~c~, nCN, (3.1) 
locally uniformly for z E D in the spherical metric. 
Using the fact that the capacity is a set function which is decreasing under projections on circles 
from the outside along radii, one can show that the next conjecture is a consequence of Conjecture 
10 (cf. also [20, Corollary 3.9]). As a result we have a special case of the Baker-Gammel-Wills 
Conjecture. The only difference is that now the class of functions is restricted to algebraic ones. 
Conjecture 11. Let the function f be algebraic and meromorphic in the unit disc D. Then there 
exists an infinite subsequence NC_~ such that the limit (3.1) holds true locally uniformly for 
z E D\{poles of  f} .  
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Partial results leading in the direction of Conjecture 10 have been proved in [20, Theorem 3.8]. For 
a review of these results we need some preparations. If D = Df denotes the convergence domain of 
the Theorems 6 and 7, then it has been shown [20, Theorem 2.4 and Section 3] that the complement 
F := C\D consists of a union of finitely many open analytic arcs Jj, j E I, together with a finite set 
E' [20, (3.2)]. Let J~+ and j~_ denote the meromorphic continuations of f onto Jj, j E I, from both 
sides of the arc Jj, then on Jj the jump function 9j is defined as 
gj(z):=fj+(z) - fj_(z), zEJ j ,  j E I .  (3.2) 
Theorem 12 ([Stahl 20, Theorem 3.8]). Let the function f be hyperelliptic and havin 9 no branch 
point at the origin, and let D be the convergence domain of  the Theorems 6 and 7. I f  the mero- 
morphic continuations fj+ and fj_ have no poles on Jj, and if further, the jump functions gj have 
1 no zeros on Jj, j E I, except a zero of  order ~ at each branch point of  f ,  then for almost all ~o E C 
near the origin as point of  development for the sequence of diagonal Padk approximants [n/n], 
n -- 1,2 . . . . .  there exists an infinite subsequence N C ~ such that 
lim [n/n](z) = f (z )  (3.3) 
n---+~, hEN 
locally uniformly in the spherical metric for all z E D. 
Of course, hyperelliptic functions are a special subclass of algebraic functions, which are rather 
friendly towards rational approximation. Besides that there is a list of technical assumptions, which 
suggest hat Theorem 12 has still not found its final form. It seems that the additional assumptions 
are only necessary because of the method of the proofs applied in [20], and there is hope that they 
can be overcome, which then would lead to a proof of the last and most special conjecture in the 
present paper. 
Conjecture 13. Let the function f be hyperelliptic and analytic at the origin, and let D be the 
convergence domain of  the Theorems 6 and 7. Then there exists an infinite subsequence N C_ N 
such that the limit (3.3) holds true locally uniformly for z E D in the spherical metric. 
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